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QUANTUM CURVES FOR SIMPLE HURWITZ NUMBERS OF AN 
ARBITRARY BASE CURVE 

XIAOJUN LIU, MOTOHICO MULASE, AND ADAM SORKIN 

Abstract. The generating functions of simple Hurwitz numbers of the projective line are known 
to satisfy many properties. They include a heat equation, the Eynard-Orantin topological recur- 
sion, an infinite-order differential equation called a quantum curve equation, and a Schrodinger 
like partial differential equation. In this paper we generalize these properties to simple Hurwitz 
numbers with an arbitrary base curve. 
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O ■ 1. Introduction and the main results 

m 

The purpose of this paper is to determine functional properties of various generating 
functions of simple Hurwitz numbers with an arbitrary fixed base curve B. We derive 
a partial differential equation for the Laplace transform of these Hurwitz numbers. The 
equation is completely analogous to the result of [28] for the usual simple Hurwitz numbers 
^_' based on P^. We also obtain an infinite-order differential equation, or a quantum curve, for 

the case of an arbitrary base curve, that is parallel to the various Hurwitz problems studied 
in [21 [25| [26] with the base curve P^ and its twisted version P^ [a] . 

Our main motivation is to examine whether the topological recursion of Eynard-Orantin 
[m |15] and the existence of a quantum curve of [H [71 13 [9l [19] hold for the enumeration 
problem of simple Hurwitz numbers over an arbitrary curve B. Consider a holomorphic 
map / : C — > B oi a non-singular algebraic curve C onto a fixed base curve B. We choose 
a general point € B and fix it once for all. The quantity we are interested in this paper 
is the base B Hurwitz number H^,^{fii, . . . ,/i„), which counts the automorphism weighted 
number of the topological types of holomorphic maps / of a genus g domain curve with n 
labeled preimages of G i? of multiplicity (/ii, . . . , /i„,) G Z" , such that / is simply ramified 
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other than these n points. Define its discrete Laplace transform 



(1.1) 



n 



Xi — 6 



1=1 



which we call the free energy of type {g,n). Since P^ does not cover the base curve B of 
genus g{B) > 0, 

for any n > 1 and any value of (/ii, . . . ,^„) € Z" in this case. Our main result is the 
following. 

Theorem 1.1. For 2g — 2 + n > 0, the free energies -Fg „(xi, . . . , x„) satisfy the following 
partial differential equation: 

d ^ 



(1.2) 25-2 + n-(l-X(i?))j;x.— F,^„(x[„]) 



i=l 



Z—^ ry. 



JbjJb^ I KJ 



1-^3 



^ . , . Xi X'i 



Fil_i (x 



d 



Fil_, (x. 



:, V9x, 5'"-!^ bv ax/^'"-i^"H 



d_ _d_ 
2 -^ '" dui du2 



1 

j=l 



Ux=U2=Xi 



i^g^i,n+iK>^2,2:[j])+ J]; i^g^,|7|+i(^i,x/)F^^_|j|+i(n2,xj) 

ffi+32=g 

/Uj=[i] 

i/ere [n] = {1, . . . ,n} zs an index set, [i] = [n] \ {i}, and for any subset I C [n], we denote 
xi = {xi)i^j. We denote by X{B) = 2 — 2g(B) the Euler characteristic of the base curve B. 
Note that the complexity 2g — 2 + n is reduced by 1 on the right-hand side of the recursion 
when g{B) > 1, similar to the Eynard-Orantin integral recursion of [14^115]. 

Let us define the partition function of the base B Hurwitz numbers, as a holomorphic 
function in x G C and h with Re{h) < 0, by 



(1.3) 



Z {x, h) = exp 



(oo oo ^ 
9=1 "=1 






Then it satisfies a quantum curve like infinite- order differential equation 
d 



(1.4) 



// we introduce 



hx- 



dx 



dx 



y = hx—- 
dx 



Z''{x,h) = 0. 
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and regard it as a commuting variable, then the total symbol of the above operator produces 
a Lambert curve 

(1.5) X = y^^^'^-^e-y. 

The partition function also satisfies a Schrodinger like partial differential equation 



(1.6) 



dh 2 \ dx ^\2 h dx 



z^{x,h) = 0. 



If we denote the above operators by P and Q, respectively, then they satisfy a commutation 
relation: 

(1.7) [p,Q] = _lp. 

This shows that the system of equations (|1.4p and (jl.6p are compatible. Moreover, the 
partition function has the following simple expression 

oo 

(1.8) Z^(x, h) = Y, (m!)i-^(^)e5™(™-i)'-* (^h'-^^^^xY . 

m=0 

Although the parameter h is a formal deformation parameter, if we write h = 2iTiT, then 

oo 

(1.9) Z^ix, iTTir) = X; (m!)^-^(^)e-^'"(™-i)- [{2mT)'-^^^^ x" " 

m=0 

is an entire function in x for Im{T) > 0. 



Remark 1.2. We note that the exact same formulas (jl.2p . (jl.5p . (jl.6p . and (jl.Sp hold for 
the case of an orbifold base i? = P^[a], a > 0, if we evaluate X{B) = 1 + i, interpret 
the sum in (II. 8p as running over non- negative multiples am of a, and replace {am)\ by 
{am)\ I — > (mla™')"'. Since the orbifold case requires a different set of preparations (see 
[3|ll0t[25]). we will report the generalization to the case of higher-genus twisted curve as a 
base elsewhere. 

When the base curve B is an elliptic curve E, a special case of simple Hurwitz numbers 
exhibits a quasi-modular property. Dijkgraaf [Sj considered a generating function 

oo ^ 

(1-10) F,(g) = j;-i7f„(l,l,...,l)g" 

n. 

n=l 

for (jf > 1, and 

1 °° 1 

(1-11) Fi(g) = --log(? + ^-i/i^„(l,l,...,l)(?". 

n=l 

The significant fact here is that Fg{q) for g > \\s a, quasi-modular form [6l[2T]. The relation 
between the free energies of type {g,n) for all n and Fg{q) is given by 

°° 1 1 
(1.12) Fg{q) = hm J^ F^JAg, Xq, . . . , Xq). 

A — ^u ni A 

n=l 

To motivate the present work, let us recall the corresponding counting problem of simple 
Hurwitz number H^^[^i, . . . , fin) for a pointed projective line (P"'^,oo), which has a long 
history since Hurwitz [20]. Its modern interest is due, among other things, to its rich 
functional properties [Ml [T71 [221 1311 EH], its relation with linear Hodge integrals on Aig^n 
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[121 [181 [30], and the Bouchard-Marino conjecture [5j and its solutions [21 [131 [28]. The 
theorem estabhshed in [131 [28] shows that the discrete Laplace transform 



(1.13) 









>/^^ 






satisfies an integral recursion formula that was originally proposed by Eynard and Orantin 
|14j . as conjectured in [5j. The input curve for the recursion, the spectral curve, is shown 
to be the original Lambert curve 



x 



ye 



(1.14) 

Then in [211 [M] it is discovered that there is a quantum curve of [H [71 |8l [9l [19] , which is 
a generator of the holonomic system that characterizes the partition function of the simple 
Hurwitz numbers of P^ . The partition function for B 



=>! is 



(OO OO -. 
9=0 n=l 



jy, jy, . . . , dj ] 



It is established in [26] that the P^ partition function has an expression 



(1.15) 



Z^'(x,/i) = 


^^ ml 

m=0 


/x\i^ 




;wo equations: 






hx- xe 8x 

ox 


z^\x,h) = o, 




' d '^ ( d\ 
dh 2 y dx J 


2 /I i\ d' 

\2 hj dx 


z^\x,h)-- 


= 



(1.16) 
(1.17) 



If we denote the above operators as Pi and Qi, respectively, then they satisfy a commutation 
relation 

(1.18) [Pl,Ql] = _ip,. 



The semi-classical limit of each of the equations (J1.16p and (|1.17p recovers the Lambert curve 
p.l4p . as shown in [26]. Then from this curve as the spectral curve, and using the functions 
x and y on it, the Eynard-Orantin integral recursion [I4j determines the differential forms 

(1.19) did2---dnFj'^ 

defined on S" for all {g,n), where S is the Lambert curve given by ()1.14p . It is a simple 
consequence of the results in [131 \26\ [28] that the differential form (I1.19P uniquely recovers 
the primitive -FF^ as a function in (yi, . . . , y„) € S". From this point of view, the generating 

function F^,^{x{yi), . . . ,x{yn)) is completely determined by the equation ()1.16p or (jl.lTp . 
where x as a function in y is also given by ()1.14p . 

Our motivating question is, do the similar properties hold when we consider the simple 
Hurwitz numbers with an arbitrary curve as the base? Since the genus base B Hurwitz 
numbers i?(f„(/xi, . . . , fin) do not exist for a base curve B with g{B) > 0, the philosophy 
of |llj does not produce any spectral curve of the Eynard-Orantin integral recursion for 
this counting problem. Yet we have a topological recursion (jl.2p in the form of a partial 
differential equation. We note the straightforward generalizations (|1.4p . (|1.6p . (jl.8p . and 
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(fT3]) . that reduce to the P^ case pTTG]) . pITTl) . pTTSj) . and pmj) . respectively, when x(-B) = 
2. 

The paper is organize as fohows. In Section [21 we derive the cut-and-join equation of 
simple Hurwitz numbers with an arbitrary base curve. Then in Section [3l we consider the 
Laplace transform of the cut-and-join equation, which is exactly (jl.2p . Using this result 
we derive the Schrodinger equation (|1.6p in Section HI Section [5] is devoted to explain- 
ing the heat equation expression of the cut-and-join equation |161 [22l [33] and deriving its 
consequences. In Section [6] we first prove the expansion (jl.Sp . derive the quantum curve 
(|1.4p . and then establish the commutator relation (|1.7p . In the final section we deduce the 
Lambert curve (11.51) as the semi-classical limit. 



2. A CUT-AND-JOIN EQUATION FOR SIMPLE HURWITZ NUMBERS 

The enumeration problem we consider in this paper is the number of topological types 
of holomorphic maps / : C — > B from a nonsingular curve C of genus g to a fixed base 
curve B, with an arbitrary ramification over one point on B and simple ramification at all 
other critical points. Let us denote by E i? a general point arbitrarily chosen and fixed. 
Such a homomorphic map / is referred to as a simple Hurwitz cover of B. We label each 
inverse image of G S via /, and denote by (/xi, . . . ,/x„) € Z" the degrees of / at each 
inverse image of 0. The base B Hurwitz number H^^{fii, . . . ./x„) counts the automorphism 
weighted number of the topological types of simple Hurwitz covers. 

The degree of the map / is given by 



(2.1) d=\i,\ = Y, 



fJ-i- 



i=l 



Here use the notation |/i|, borrowing from the convention in the theory symmetric functions. 
The Riemann-Hurwitz formula tells us that there are 

(2.2) r = r{g,ii) = 2g-2 + n-d{2g{B)-l) 

simple ramification points. Instead of counting the topological types of /, we can fix r simple 
branch points on B in general position other than G B and count the automorphism 
weighted holomorphic maps /. We note that (j2.ip and (|2.2p imply a condition for the 
degree and the genus for a base curve with g{B) > 1: 

(2.3) n{2g{B) - l) < d{2g{B) - l) < 2^ - 2 + n, 

(2.4) n{g{B) -l)<g-l. 

In particular, Hg^niP) = for any n > 1 if 5 < g{B). This poses a sharp contrast to the 
Gromov-Witten theory of curves [31] . 

The map / : C — > B of degree d is determined by a monodromy representation 

pGHom(^,(S\{0,l,...,r,}),5rf) 

of the fundamental group of an (r -|- l)-punctured curve into the symmetric group of d 
letters. Here {1, . . . , r} C -B is the label of r simple branched points on B chosen in general 
position. Let 7^-, j = 0, . . . ,r, be a simple loop around each point j € B. Then a simple 
Hurwitz cover is constructed by assigning each 7^ for j > 1 to a transposition and 70 to a 
product of n disjoint cycles of length //i, • • • //„, subject to the commutator relation 

P(7i) • • • P(7r)/5(7o) = [ai,/3i]---[ag(B),/3g(ij)], 
where aj,/3j G S^ are some elements in the permutation group. 
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The cut-and-join equation [16\ \T7\ [20l [32] is the result of an analysis of what happens 
when we multiply a transposition p{'yr) to a product of disjoint cycles p{'yo)- Since the 
fundamental group of the base curve does not make any effect on this multiplication, the 
exact same formula for H^^{fl) holds, as for the simple Hurwitz numbers for P^. The only 
difference is the number r of simple ramification points. 

Proposition 2.1 (The cut-and-join equation). For all g >0, n > 1, and (/xi, . . . , //„) G Z" 
subject to 

n 

(2.5) 2g-2 + n-{2g{B)-l)Y,l^i>^, 

i=l 

the simple Hurwitz numbers Hgf^{pi, . . . , Pn) of degree d satisfy the following equation: 

(2.6) (2g - 2 + n - {2g{B) - l)d) iff J/i[„]) = ^ J^ (/., + /i,) Ff„_i (/i, + p,,p^^ 



+ ^E E -P 



2 

2=1 a+l3=^i 



\ 31+32=9 

\ /Uj=[i] / 

Here and throughout the paper we use the following notational convention, [n] = {1, . . . ,n} 
is an index set, and [i] = [n] \ {i}, etc. For a subset I C [n], pi = {fii)i^j. 

Remark 2.2. Unlike the case of P^, the cut-and-join equation does not determine all 
values of simple Hurwitz numbers. When the degree d takes its maximum value 2^(~B)-i ' 
the equation gives a trivial equality = 0. 

The genus 1 simple Hurwitz numbers based on an elliptic curve B = E are easy to 
calculate. From (j2.3p we have n = d and r = when g = g{B) = 1. Therefore, the 
covering is unramified. If we allow disconnected domain, then the total number is equal to 
the number of partitions 

p{d) = \Roui{iTi{E),Sd)//Sd\ 
of degree d (see for example, [6]). Let 

oo 

0(g) = n (1 - '?") 

m=l 

be the Euler function. Then we have 



oo oo / ^ 

5;-<(i,...,i)," = -iog0(,) = 5;K;- 

n=l n=l \rn\n ^ 



hence 

(2.7) iJi^Jl, . . . , 1) = n! J^ 1 = (n - l)\a{n) 



m 

m\n 



where a is the sum of divisors function. This is an integer sequence, and its first ten terms 
are 1, 3, 8, 42, 144, 1440, 5760, 75600, 524160, 6531840. This sequence has many interesting 
properties (see OEIS, A038048). 

More generally, let us consider the case when the equality holds in (12. 4p . We need this 
analysis in Section HI Because of (j2.3p . g — 1 = n[g{B) — l) implies d = n and r = 0, hence 



QUANTUM CURVES FOR HURWITZ NUMBERS OF ARBITRARY BASE 7 

the covering / : C — > B that is counted is totally unramified. Here again the number 
of disconnected unramified coverings is given by the classical dimension formula (see for 
example [27] for elementary derivations): 

xhd V "*• / 
Here X\- d parametrizes irreducible representations of Sd, and dim A is its dimension. 



3. The discrete Laplace transform 

The discrete Laplace transform F^^(xi, . . . , Xn) of (jl.ip is a polynomial of degree 2^m)^i 
with the lowest degree term i7^^(l, 1, . . . , 1)2:1 • • • Xn. The following proposition is an ana- 
logue of the case of simple Hurwitz numbers of P^, and the proof is exactly the same as 
that of [21 Lemma 4.1]. 

Proposition 3.1. The discrete Laplace transform of the cut-and-join equation (|2.6p is 
precisely the partial differential equation (jl.2p . 

Reflecting Remark 12.21 the differential equation (11.21) alone does not determine free en- 
ergies F^j^{xi, . . . ,Xn)- This is because every homogeneous function of degree 2Q(By-i ^^ ™ 
the kernel of the Euler differential operator 

2g-2 + n-{2g{B)-l)Y;^x.— 

1=1 * 

on the left-hand side of (11. 2p . Thus the highest degree terms of free energies are not 
determined by this differential equation. We will determine the homogeneous highest degree 
terms of the free energies in a different method in Section [5j 
The genus 1 elliptic Hurwitz numbers (j2.7p yields 

1 



(3.1) Fi,nixi, . ..,Xn) = \n\y — \ Xi---Xr^ 

1 / V ^ I 



m\n 



4. A SCHRODINGER EQUATION 

In this section we prove p.6p . provided that g{B) > 0. We remark here that for g{B) = 0, 
the proof is rather different [26j, yet the same formula holds. 



Theorem 4.1. The partition function (|1.3p satisfies the Schrodinger-type equation (jl.6p .' 
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Proof. We use the same method of the proof of [26, Theorem 5.1, Theorem 5.3, Appendix A]. 
When (12. 3p holds, the diagonal evaluation of (jl.2p yields 



(^2g-2 + n- {2g{B) - l)x^ F^^„(x, . . . 



(4.1) 



n{n — 1) 2 d"^ 
2 "" 9^ 






F, 



B 



g,n-l 



{u,x, 



2 duidu2 



F, 



g-l,n+l 



{ui,U2,X,. . . ,x) 



U\^U2^X 



+ 



n\ 



E 



X 



d 



?B 



2 f^ (ni + l)!(n2 + l)!dx 

51+92=9 ^ ^ ^ ' 

n\+n2=n—l 



^ gi,n-i+l\-^-i ■ 



,X 



?B 



92,n.2+lv"^' ■ ■ ■ ' "^r 



(ix'^2'"2 



,x . 



For m > 2g{B), let us define 

2g—2+n=m—l 

Note that Sm contains a contribution from domain curves with g — 1 = n{g{B) — 1), or 
equivalently, d = n and r = 0, for which the cut-and-join equation is not valid. Therefore, 
when we deduce an equation for SniS, we need to remove these boundary terms from the 
equation. Now from (|4.ip we obtain 



ni 



{2g{B)-l)x^S^+i{2 



2^'dx2'^™^^^ 2 ^ "" dx^'^'^''^ ' "^ dx^"^'^ 



2 ^^ _^ dx 



E 



2g—2+n=m 
g-l=n{g{B)-l) 



n\ 



m 



i?9{B)-l)xj^F^^^{x,...,: 



(4.2) 



E 



2(;— 2+n=m— 1 
3-l=(n+l){<;(B)-l) 



92 



(n — 1)! 9n2 






1 



92 



rX 



(n-2)! duidu2 

g={n-\){g{B)-\) 

2 



Ff„{u\,U2,X, 



Ui=U2=X 



E E 

2g-2+n=m 91+92=9 
g-l=n{g{B)-l) ni+n2=n+l 



X 



d 



—F, 



B 



X, 



mlna! \dx ^^'"^' ' 



'^))(^^9^,n.(^,---,^) 



We note here that in the boundary contribution g — 1 = n(^g{B) — l), since n = d, the free 
energies are single monomials proportional to X1X2 • • • x„. Let us look at the right-hand side 
of (j4.2p . The first line of the right-hand side is because F^„(x, . . . , x) = Hg,^{l, . . . , l)x"', 
and m = 2g — 2 + n = n(2g{B) — l), since r = 0. The second line is also 0, because 
F^,^{u, X, . . . , x) is linear in u. 

The third summation on the right-hand side is empty, because we need n(^g{B) — l) < 
g — 1 = (n — l) [g{B) — l) — 1, which does not happen. Similarly, the fourth line summation 
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is also empty, because we are requiring g = gi + g2,n + 1 = ni + n2, and 

ni{giB)-l) <5i-l 

n2{g{B)-l) <52-l 

n{g{B) - I) = g - 1. 

We have thus obtained a recursion equation 
(4.3) (m - {2g{B) - l)x^') S„,+i{x) 

mi+m2=m+l 

In terms of the generating function 

oo 

m=l 

131) becomes 



Since Z^{x, h) = exp F{x, h), (jl.6p fohows directly from (j4.4p . This completes the proof. D 

Using the Schrodinger equation (|1.6p . we can determine the form of the solution Z^{x, H). 
Lemma 4.2. The partition function has the following expansion: 



m 
'X ' 



(4.5) Z^{x, h) = Y, c^e^™("^-^)'^ (^;ii-^(-S) 

m=0 

where Cm is a constant. 

Proof. The partition function Z (x, H) of (ll.3p is a formal power series in x and /i. Thus it 
has an expansion of the form 

oo 

Z''{x,h) = Y,(^mfm{h)x^ 

m=0 

with fm{K) € C[[?i]]. Then the Schrodinger equation (jl.6p yields an ordinary differential 
equation 



/m = ( 2"^("i - 1) + "T- ^^ j /m> 



whose solution is 

f^{h) = ce^^^^-^^''h<^-^^^^). 
This completes the proof. D 
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5. The heat equation and its consequences 

As we have seen in Section U the Schrodinger equation (jl.6p determines the solution 
Z^{x, h) only up to the form ()4.5p . To determine the coefficients, we need another technique. 

In this section we use a heat equation technique of [22]. First we remark that the cut- 
and-join equation gives rise to a heat equation for another generating function of base B 
Hurwitz numbers. To determine a solution of a heat equation, we need to identify the 
initial value. We will show that the initial condition exactly corresponds to determining 
the highest degree terms of F^„(xi, . . . ,x„). The exponential generating function of these 
highest degree terms can be determined by a character formula of [31j. Thus we obtain the 
unique solution of the heat equation, which in turn gives all base B Hurwitz numbers. 

The generating function for base B Hurwitz numbers we consider is 

OO CXD 

(5.1) H(t,p) = ^^H3,„(t,p), 

g=0 n=l 



r{g,ti) 



(5.2) H,,„(t,p) = ^J2 <n(^)PM* 

where r[g, fi) = 2g — 2 + n — \fi\[l — X{B)) is the number of simple ramification points, and 
Pfj. = Pfj-i • • • Pfin ■ The same argument of [HI [22l [23l [291 [23] shows that e^(*'P) satisfies a 
heat equation, that is obtained from the cut-and-join equation. For a partition fi = (fii > 
/i2 > • • • ) of a finite length i{n), we define the shifted power-sum function by 

(5.3) Pr[fA-=f2 U'-'^l) "("' + ^) 

This is a finite sum of i{p,) terms. Then we have [16[ [33] 

(5.4) J2^ ((z + J)P.P.^ + ^^P^^^d^) ^m(p) = P^N • «m(p), 
where s^{p) is the Schur function defined by 

(5.5) s^{p)= ^ ^^^^PA, z^ = llm,\i^^, 

rui = the number of parts in fi of length i, and X^(A) is the value of the irreducible character 
of the representation /i of the symmetric group evaluated at the conjugacy class A. Let us 
denote the cut-and-join operator by 

Then Schur functions are eigenfunctions of the operator: 

As^(p) = 2P2M ■st.ip), 
and the cut-and-join equation of simple Hurwitz numbers (j2.6p yields a heat equation 

(5.6) ^gH(t,p)^^gH(t,p)^ 
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We can solve a heat equation by the method of eigenfunction expansion. Thus we have an 
expression 

(5.7) eH(*'P)=^a^s^(p)elP2M* 

/^ 
for a constant a^ associated with every partition //. These constants are determined by 
the initial value t = 0. From (15. 2p we see that the initial value comes from the cases when 
r{g,IJ') = 0. 

First we note that ()2.2p implies that simple Hurwitz numbers with r = correspond to 
the case with only 1 branched point on the base curve B. If we allow disconnected domain 
curves to cover B, then the number of coverings of degree d with a prescribed ramification 
data given by a partition fi \- d over £ B with no other ramification points is easy to 
calculate. Let us denote by Hf'{fj,) such a number, where we do not label the inverse 
images of G i? this time. Then from j31 |, Eq.(O.lO)] we obtain 

X\-d 

Here C^ is the conjugacy class of the permutation group S^ determined by the cycle type n, 
a partition A h d is a label of an irreducible representation of S^, and dim A is its dimension. 
The cardinality of the conjugacy class is given by 

(5-9) n\ = frA^ = -• 

The generating function of these disconnected simple Hurwitz numbers can be calculated, 
appealing to (|5.5p and (|5.9p . as follows: 



d=l ii\-d d=l ii\-d \\-d ^ ' ^ 

, , ~^ d\ /dimA\^(^) 

J_1 \UJ \ / 



d\ /dimA^^^^"^^pXA(/i), 
= E(dh^J -a(p), 

A 

where the last sum runs over all partitions A. 

Note that e '^''P-' is the generating function of simple Hurwitz numbers allowing discon- 
nected domain curves. Therefore, the initial value e '"^'^^ counts the disconnected base 
B Hurwitz numbers with only one branched point at € i?. In other words, we have 
determined the initial condition by (I5.10p . The result is 

(5-11) ^"^°"^ = E (dl!^) «.(P) = E«.«.(p)- 

Since Schur functions are linear basis for symmetric functions, we establish the following. 

Theorem 5.1. The exponential generating function of the base B simple Hurwitz numbers 
is given by 

(5.12) -^^*"^ = E(d!^) ^.(P)^^-^^'*- 
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6. The quantum curve 

As noted in [26], the diagonal specialization F^„(x,x, . . . ,x) corresponds to substituting 
the power-sum symmetric function 

(6.1) Pj = X j + ^2 + a^g + • • • 

by its principal specialization pj = xK More precisely, we have the following. 

Lemma 6.1. Let us define the principal specialization of the power-sum symmetric 
functions by 

p^(s) = (s^-^^^^y 



.(s)=P^,(s)---p^„(s)=(si-^(^)x)''''. 



Then we have 

(6.2) Z^{x,h)=e^^'''P^'''^\ 

Proof. We have 



H(;.,p(^))= Y: E ;^/^'^~'+"-i^i(^-^^^))<n(m,...,Mn)p.(/^) 

~ / ^ ^ g,n\^i^i • • • ^ -^Ji 

which yields (jOj) . D 

From the expansion formulas ()5.12p and ()4.5p . together with the equality ()6.2p . we obtain 

(6-3) E (^) e^^^^^hMK)) = E cme^-'-''' (h^-^^-^xY . 

As explained in [261 Section 6] and also in [25], this equality is exactly the effect of the 
principal specialization of Lemma 16. H which turns the summation over all partitions into 
the sums over just one-row partitions. We have thus determined the coefficients Cm in the 
expansion (|4.5p . It is given by 

(6.4) c^ = (rri!)i~^(^). 



This completes the proof of (II. Sp . The convergence of the infinite series is obvious from the 
shape of (II. Sp or (|1.9p . since 



lim sup 

m— >oo 



-^nl-X{B)gim(m-l)S 







if Re{h) < 0. 

The expansion (jl.Sp allows us to derive the quantum curve- type equation (II. 4p . Since 

h'-^^^'^x/^^^^ i ^x) 

m+l 



= ((m + l)!)'-^(^)e^"^("^+i)'"' (h'-^^^^x 
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for every ttt, > 0, we have 



(6.5) 

By differentiating 
Lemma 6.2. Let 

(6.6) 

(6.7) 
Then 






dx 



Z"{x,h) = 1. 



we obtain (|1.4|) . 



P = ^^4i(i_ni-^(B)^,/>.xf (4_^ 



d 
dx 



dx 



l-X(B)' 



«^i-u4)^a-^^^^' 



h 



dx 



[PM 



\- 



Proof. We first note tliat Q commutes with x-r- and -s-x. Since 



■^l-X{B)^^M±^Q 



h^-X(B) M± d_ 

' dh 



+ 



«'-'-u4)-a-i^ 
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X 



d_ 

dx 



hx4- 
e dx 



(1 - X{B)) h-^(^he'-^ - h^-X^^^x^^e'^-i^ 

dx 

dx 2 \2 h J 



p.7p fohows from 



s^-« 



sP.«i + 



S-<5 



^ = s[^-«i + s^^- 



D 



7. Semi-classical limit 

The semi-classical analysis of the operators P and Q are performed in the following way. 
Suppose our counting problem had genus contributions F^^{xi, . . . ,Xn)- Then we define 

(7.1) 5^(x):= Y. Vs^"^^'---'^) 

2g—2+n=ni—l 

as before, and consider a formal expression 

(7.2) Z''(x,;i) = eS^-o'^™-^5™W = ei^o(^)+^i(^)Z^(x,;i). 

Let us introduce a variable « such that x = e", and regard the coefficients Sm as functions 

in u. Since 

_d___d_ 

dx du^ 

we have 

du \ \ du . 



14 X. LIU, M. MULASE, AND A. SORKIN 

Then 



-Si-i-So 



kSo^S, ^ 5/ _ g«(5/)2-X(B)^i(5o(«+rO-5oW) ^ o(;^) 



(7.3) 

where ' = ^ = ^^j) ^^^i"^ by 0(/i) we mean an operator whose apphcation to the partition 
function Z [x, K) produces a function of order 1 or higher in h. Now define a new variable 

(7.4) y = Si 

Then the semi-classical limit /i — )• of (17.30 yields an equation 

(7.5) y - x2/2-^(^)e^ = y (l - xy^'^^^^e^) = 0, 



since Z^{x,0) = 1. Note that this is exactly the total symbol of the operator P, where 
hxj^ is represented by a commutative variable y. The second factor of (j7.5p also recovers 
the Lambert curve (jl.Sp . 

Although the formal manipulation seems to work, however, we have to remember that 
we have derived the operator P assuming the shape of the solution Z {x,h) as in (jl.Sp . 
Since we are imposing 

PZ^{x,h) = 0, 
it forces that y = 0, which makes (|7.5p trivially correct. 

On the other hand, since the kernel of Q assums only the expansion (j4.5p . where the 
summation index m can be negative, the semi-classical analysis of Q does go through. 

[dh 2du'^ \2 h J du 

(7-6) 1 / 1 



gftSogSi 



I (^^0 - ^^0 + S'oS[ + (1 - X{B))S[^ + 0(1). 



For the h ^ limit to exist, we need 

(7.7) So + ^{S',f+{l-X{B))S', = 0, 

(7.8) ^S'^ - }-S', + S'oS[ + (1 - X{B))S[ = 0. 



From ()7.7p we obtain 



2 " 2 

1 



(7.9) 5o = _±y2_(i_^(^))y^ 

or equivalently, 

(7.10) y=_(y+l_x(i?))^. 

Its solution is 

y + log y^^ *- ^ = — n + const. 
If we take the constant of integration to be 0, then we obtain 
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recovering (jl.Sp . Prom (|7.8p we have 



or equivalently 



\y'-\y + {y + l-x{B))S[ = ^, 



dSi 1 1 dy 1 y dy 



du 2y + l-X{B)du 2y + l-X{B)dy' 

Since we know du/dy from (jT.lOp . we can integrate the above equation to obtain 

(7.11) 5i = --y + - log (y + 1 - X{B)) + const. 

The above derivation of the semi-classical limit of the operator Q is valid if Z {x,h) 
contains negative powers of h. If we assume the expansion (jl.Sp . then such a situation 
occurs when the base curve B satisfies X{B) > 1. Indeed, our formulas (|7.9p and (|7.1ip 
agree with those of [261 Section 5] for B = F^ with y = z, and [3l Section 6] for B = P^[a] 
with y = z"". 
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